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SURJECTIVITY FOR HAMILTONIAN LOOP GROUP
SPACES
RAOUL BOTT, SUSAN TOLMAN, AND JONATHAN WEITSMAN
Abstract. Let G be a compact Lie group, and let LG denote
the corresponding loop group. Let (X,ω) be a weakly symplectic
Banach manifold. Consider a Hamiltonian action of LG on (X,ω),
and assume that the moment map µ : X −→ Lg∗ is proper. We
consider the function |µ|2 : X −→ R, and use a version of Morse
theory to show that the inclusion map j : µ−1(0) −→ X induces
a surjection j∗ : H∗G(X) −→ H∗G(µ−1(0)), in analogy with Kir-
wan’s surjectivity theorem in the finite-dimensional case. We also
prove a version of this surjectivity theorem for quasi-Hamiltonian
G-spaces.
1. Introduction
Let G be a compact Lie group. A Hamiltonian G space is a triple
(M,ω, µ), where (M,ω) is a symplectic manifold, and µ : M −→ g∗ is
a moment map for a Hamiltonian action of G on M .
If 0 is a regular value of µ, then the symplectic quotient M//G =
µ−1(0)/G is a symplectic orbifold. In this case, G acts locally freely
on µ−1(0), so the equivariant cohomology ring H∗G(µ
−1(0)) coincides
with the cohomology ring H∗(M//G).1 Therefore, the restriction map
from H∗G(M) to H
∗
G(µ
−1(0)) induces a map κ : H∗G(M) −→ H∗(M//G),
which we call the Kirwan map.
A version of Morse theory due to Kirwan [Kir] is an important tool in
the study of the topology of Hamiltonian G-spaces and their symplec-
tic quotients. Kirwan shows that for a compact Hamiltonian G-space
(M,ω, µ), the function |µ|2 : M −→ R is an equivariantly perfect Morse
function on M . This fact has the following striking consequence.
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1In this paper, we consider only cohomology groups with rational coefficients.
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Theorem 1 (Surjectivity for compact group actions (Kirwan)). Let G
be a compact Lie group, and let (M,ω, µ) be a compact Hamiltonian G-
space. Then the restriction map H∗G(M) −→ H∗G(µ−1(0)) is surjective.
In particular, if 0 is a regular value of µ, the Kirwan map is surjective.
The main purpose of this paper is to generalize Theorem 1 to the
case of Hamiltonian loop group actions on symplectic Banach manifolds
with proper moment map.
Let G be a compact Lie group, and let 〈·, ·〉 be an invariant inner
product on the Lie algebra g. Let LsG be the space of maps from S
1
to G of Sobolev class s > 1/2; LsG is a Banach Lie group with the
group structure given by pointwise multiplication. The Lie algebra Lsg
is given by the space Ω0s(S
1)⊗ g of maps from S1 to g of Sobolev class
s. We define Lsg
∗ to be the space Ω1s−1(S
1)⊗g of g-valued one forms on
S1 of Sobolev class s − 1. Integration gives a natural non-degenerate
pairing (·, ·) of Lsg with Lsg∗. Using this inner product, the space
Lsg
∗ can be identified with the space of connections on the trivialized
principal G-bundle G×S1 −→ S1. This identification induces an action
of the group LsG on Lsg
∗ given by2
(1.1) λ · γ = λ−1dλ+ λ−1γλ
where γ ∈ Lsg∗ and λ ∈ LsG.
A Banach manifold X is weakly symplectic if is is equipped with
a closed two-form ω ∈ Ω2(X) such that the induced map ω♭ : TpX −→
TpX
∗ is injective. An action of the group LsG on (X,ω) is Hamilton-
ian if there exists an LsG-equivariant moment map µ : Xs −→ Lsg∗
so that 〈dµ, ξ〉 = iξXω for all ξ ∈ Lsg. We call the triple (X,ω, µ) a
Hamiltonian LsG space
3.
Now consider a Hamiltonian LsG space (X,ω, µ) with proper mo-
ment map. In this case, if 0 is a regular value of µ, the symplectic
quotient X//LsG = µ
−1(0)/G is a finite dimensional symplectic orb-
ifold. Since G acts locally freely on µ−1(0), the equivariant cohomol-
ogy ring H∗G(µ
−1(0)) coincides with the cohomology ring H∗(X//LsG).
Therefore, the restriction map H∗G(X) −→ H∗G(µ−1(0)) induces a map
2 This action is not the coadjoint action of LsG, but arises instead from the
coadjoint action of a central extension of LsG. As a consequence it is an affine
action rather than a linear action on the vector space Lsg
∗.
3 Let a Lie group G act on a symplectic manifold (M,ω), and let µ : M −→ g∗
satisfy 〈dµ, ξ〉 = iξXω for all ξ ∈ g. If G is compact, then one can choose µ to be
equivariant with respect to the coadjoint action of G on g∗. In general, however,
this is not possible, and it is natural to consider other actions of G on g∗, such as
the action arising from a central extension in (1.1).
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κ : H∗G(X) −→ H∗(X//LsG) which is the infinite-dimensional analog
of the Kirwan map.
In this paper we consider the the function |µ|2 : X −→ R, and show
that it can be treated as an equivariantly perfect Morse function. We
thus prove the following analog of Kirwan’s surjectivity theorem:
Theorem 2 (Surjectivity for Hamiltonian loop group actions). Let G
be a compact Lie group and choose an invariant inner product on g.
Let LsG be the corresponding loop group, where s > 1/2. Let (X,ω, µ)
be a Hamiltonian LsG-space with proper moment map. Then the re-
striction H∗G(X) −→ H∗G(µ−1(0)) is surjective. In particular, if 0 is a
regular value of µ, then the Kirwan map κ : H∗G(X) −→ H∗(X//LsG)
is surjective.
1.1. Proof of Theorem 1. We begin by reviewing Kirwan’s proof
of surjectivity in the finite-dimensional case. Let G be a compact
Lie group, and let (M,ω, µ) be a Hamiltonian G-space with proper
moment map. Consider the function f = |µ|2 : M −→ R. Since
µ−1(0) = f−1(0), it is enough to prove that the restriction H∗G(M) −→
H∗G(f
−1(0)) is surjective.
The first step in Kirwan’s argument is to show that f is Morse
in the sense of Kirwan (see Definition 9.1). As a result, for every
component C of the critical set of f there exists a vector bundle E−C
over C, called the negative normal bundle at C (see Definition 9.2).
For sufficiently small ǫ > 0, letM± = f
−1(−∞, f(C)±ǫ). Consider the
long exact sequence of the pair (M+,M−) in equivariant cohomology.
By Proposition 9.4, we obtain a commuting diagram
(1.2)
· · · // H∗G(M+,M−) //
≃

H∗G(M+)
//

H∗G(M−)
// · · ·
H∗−λCG (C)
∪ eC
// H∗G(C)
where λC denotes the index of C and eC ∈ H∗G(C) denotes the equi-
variant Euler class of the negative normal bundle at C.
Kirwan now applies the completion principle of Atiyah and Bott [AB]
to show that f is an equivariantly perfect Morse function. The key idea
is to show that the Euler classes eC ∈ H∗G(C) are not zero divisors.
By the diagram above, this implies that the long exact sequence in
equivariant relative cohomology splits into short exact sequences
(1.3) 0 −→ H∗G(M+,M−) −→ H∗G(M+) −→ H∗G(M−) −→ 0.
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Since f is non-negative, Theorem 1 follows by induction on the critical
levels.
To show that eC is not a zero divisor, Kirwan shows that for each
component C of the critical set there exists a subtorus T ⊂ G and a
Z(T )-invariant subset B ⊂ CT
G×Z(T ) B −→ C
is an equivariant homeomorphism.4 Hence, we have a natural isomor-
phism H∗G(C) ≃ H∗Z(T )(B); this isomorphism takes the G-equivariant
Euler class of E−C to the Z(T )-equivariant Euler class of E
−
C |B. More-
over, (E−C )
T is a subset of the zero section of E−C . The fact that eC is
not a zero divisor now follows from the Lemma below.
Lemma 1.4 (Atiyah-Bott). Let V be a complex vector bundle over a
connected space Y , and let a compact Lie group K act on V . If there
exists a subtorus T ⊂ K so that the fixed point set V T is the zero
section of V , then the Euler class e(V ) ∈ H∗K(Y ) is not a zero divisor.
1.2. Proof of Theorem 2. The basic idea of this proof is straight-
forward: Morally, we would like to consider the function f = |µ|2 as a
Morse function on X , and follow the proof of Kirwan’s surjectivity the-
orem for compact Hamiltonian G-spaces which we recalled in Section
1.2 above. The main technical hurdle we must face is that Kirwan’s
extension of Morse theory has only been developed in the finite dimen-
sional case. However, in the case where X = LsG/G is the Hamiltonian
LsG-space given in Example 1.5 below, the function f is precisely the
classical energy function of Morse and Bott [B]. In the spirit of [B], we
will replace X in the general case by a sequence of finite dimensional
approximations.
First, in Section 2, we construct an infinite approximating space
Xˆ, along with an energy function fˆ : Xˆ −→ R, and prove:
Proposition 1 (Proposition 3.1). Let G be a compact Lie group, and
LsG be the corresponding loop group, where s > 1/2. Let (X,ω, µ)
be a Hamiltonian LsG space with proper moment map. Let Xˆ be the
associated infinite approximating space, and let fˆ : Xˆ −→ R be the
energy function.
The restriction map H∗G(X) −→ H∗G(f−1(0)) is surjective if and only
if the restriction map H∗G(Xˆ) −→ H∗G(fˆ−1(0)) is surjective.
4In this paper, given given a subgroup K ⊂ G, Z(K) denotes the centralizer of
K in G. If G acts on a space X , then XK denotes the set of points in X fixed by
K.
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Next, in Section 3, we construct a series of finite approximating
spaces Yn, each of which has an energy function fn : Yn −→ R. We
then prove:
Proposition 2 (Proposition 4.1). Let (X,ω, µ) be a Hamiltonian LsG
space with proper moment map. Let Xˆ be the associated infinite ap-
proximating space and let fˆ : Xˆ −→ R be the energy function. Let Yn be
the finite approximating manifolds, and let fn : Yn −→ R be the energy
functions.
If the restriction maps H∗G(Yn) −→ H∗G(f−1n (0)) are all surjections,
then the restriction map H∗G(Xˆ) −→ H∗G(fˆ−1(0)) is a surjection.
Since f−1(0) = µ−1(0), in order to prove Theorem 2, it is enough
to show that the restriction H∗G(Yn) −→ H∗G(f−1n (0)) is surjective. Un-
fortunately the manifolds Yn are not symplectic, so that we cannot
directly apply Kirwan’s results. Instead, in Sections 4 through 8 of
this paper we work through the local calculations needed to prove the
two results below.
Proposition 3 (Proposition 8.1). The functions fn : Yn −→ R are
Morse in the sense of Kirwan.
Proposition 4 (Proposition 8.2). Let C be a component of the critical
set of fn and let E
−
C be the negative normal bundle at C. Then there
exists a subtorus T ⊂ G and a Z(T ) invariant subset B ⊂ CT so that
the natural map G ×Z(T ) B −→ C is an equivariant homeomorphism.
Moreover, (E−C )
T is a subset of the zero section of E−C .
We can now follow Kirwan’s proof. Proposition 8.1 shows that for
each component of the critical set of fn we have a commuting diagram
analogous to (1.2). As in Kirwan’s argument, Proposition 8.2 now
shows that the equivariant Euler class of the negative normal bundle
at each component of the critical set is not a zero divisor. Hence the
long exact sequence in relative equivariant cohomology breaks up into
short exact sequences as in (1.3). Since each fn is non-negative, it
follows by induction that the restriction maps H∗G(Yn) −→ H∗G(f−1n (0))
are surjections.
1.3. Examples. The following are examples of Hamiltonian LG spaces
[AMM].5
Example 1.5. [The minimal coadjoint orbit] Consider X = LG · 0,
the LG-orbit of the point 0 ∈ Lg∗, equipped with the Kirillov-Kostant
5We suppress the Sobolev index s in LsG for convenience; the examples in this
section can be considered for any s > 1/2.
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symplectic structure [PS]. The inclusionX −→ Lg∗ is a proper moment
map for the natural LG action. As Stab(0) = G, this space may be
identified with the quotient LG/G. In terms of the identification of X
with LG/G, the symplectic form arises from the G-invariant two-form
ω˜ ∈ Ω2(LG) given by
ω|λ(ξ, η) = 1
2π
∫ 2π
0
〈ξ(t), η′(t)〉dt,
where ξ, η ∈ TLG|λ (see [PS], p. 147.). The moment map for the LG
action is the map µ : LG/G −→ Lg∗ arising from the G-invariant map
µ˜ : LG −→ Lg∗ defined by µ˜(λ) = λ−1dλ. The manifold LG/G is dif-
feomorphic to the subgroup ΩG = {λ ∈ LG | λ(0) = e} of based loops
in LG. In terms of this identification, the square of the moment map
E = |µ|2 is the energy functional E(λ) = 1
2π
∫ 2π
0
|λ−1 dλ
dt
|2dt, studied by
Morse and one of the present authors (R.B.). The perfection of E as a
Morse function plays an important role in the proof of the Periodicity
Theorem [B].
Example 1.6. [The generic coadjoint orbit] Consider next a generic
point ξ ∈ Lg∗ and the corresponding coadjoint orbit X = LG · ξ. We
may as well take ξ ∈ t∗. Then Stab(ξ) = T , so that this space may
be identified with LG/T . It it therefore diffeomorphic to the space
of paths in G beginning at e and ending at a point of the conjugacy
class of exp ξ. Again, this is a Hamiltonian LG space with the Kirillov-
Kostant symplectic form and with moment map given by the inclusion
X −→ Lg∗.
Example 1.7. [Spaces of connections on 2-manifolds]
Let Σ be a compact, connected 2-manifold of genus h with bound-
ary ∂Σ = S1. Consider the space A(Σ) = Ω1(Σ, g) of connections
on the trivialized principal G-bundle G × Σ −→ Σ. The space A(Σ)
is a symplectic manifold, equipped with a Hamiltonian action of the
gauge group G(Σ) = Map(Σ, G). The moment map J : A(Σ) −→
Lie(G(Σ))∗ = Ω2(Σ, g) is given by J(A) = FA, where FA is the cur-
vature of the connection A. The group G(Σ) has a normal subgroup
G(Σ, ∂Σ) defined by G(Σ, ∂Σ) = {γ ∈ G(Σ) | γ|∂Σ = e}, and G(Σ)/G(Σ, ∂Σ) =
LG. Consider the reduced space A(Σ)//G(Σ, ∂Σ). This is a Hamilton-
ian LG-space with proper moment map µ. The reduced space X//LG
is the moduli space of flat connections on the trivial principal G-bundle
G× Σ −→ Σ.
Acknowledgements: We would like to thank Anton Alexeev, Vic-
tor Guillemin, Eckhard Meinrenken, Shlomo Sternberg and Chris Wood-
ward (see [W]) for helpful comments and discussions.
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2. Surjectivity for quasi-Hamiltonian G-spaces
In this section we will review Alexe’ev, Malkin, and Meinrenken’s
[AMM] definition of quasi-Hamiltonian G-spaces, together with their
proof that these spaces are in one-to-one correspondence with Hamil-
tonian LsG-spaces with proper moment map. We then restate our
surjectivity theorem in terms of quasi-Hamiltonian G-spaces.
We begin by motivating the definition of quasi-HamiltonianG-spaces.
Let (X,ω, µ) be a Hamiltonian LsG-space with proper moment map.
The normal subgroup ΩsG ⊂ LsG given by the based maps in LsG
ΩsG = {λ ∈ LsG | λ(0) = e}
acts freely on Lsg
∗. Since µ is LsG-equivariant, ΩsG acts freely on X ;
thus X is a the total space of a principal ΩsG bundle π : X −→ M .
Since µ is also proper the quotient M = X/ΩsG is a finite-dimensional
compact manifold [AMM]. The action of LsG on X induces an action
of LsG/ΩsG = G on M . Furthermore, if we identify the space Lsg
∗
with a space of connections on the trivial principal G-bundle on the
circle, the map Hol : Lsg
∗ −→ G given by the value at time 1 of the
holonomy of the connection is a fibration with fibre ΩsG. Using this
fibration, the LsG–equivariant moment map µ : X −→ Lsg∗ induces a
G–equivariant map Φ: M −→ G, which intertwines the G action onM
with the adjoint G action on G. We thus obtain a commuting square
(2.1)
X
µ
//
π

Lsg
∗
Hol

M
Φ
// G
showing that the principal ΩsG-bundle π : X −→ M is the pullback
under Φ of the contractible principal ΩsG-bundle Hol : Lsg
∗ −→ G.
Alexe’ev, Malkin and Meinrenken [AMM] give a set of conditions
a G-space M must satisfy in order to arise from a Hamiltonian LsG
space by this construction. Given a compact Lie group G, choose
an invariant inner product 〈·, ·〉 on g. Let θL and θR denote the left
and right invariant Maurer-Cartan forms, respectively. and let ξ =
1
12
〈θL, [θL, θL]〉 = 112〈θR, [θR, θR]〉 ∈ Ω3(G) denote the bi-invariant 3–
form; if G is simple, ξ generates H3(G). We consider G as a G-space
by equipping it with the adjoint action. A quasi-Hamiltonian G-
space (or q-Hamiltonian G-space) (M,σ,Φ) is a compact G–manifold
M , along with a G-equivariant map Φ: M −→ G, and a two-form
σ ∈ Ω2(M), satisfying
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(1) Φ∗ξ = dσ
(2) iηMσ = 〈12Φ∗(θL + θR), η〉 for all η ∈ g.
(3) kerσ|p = {ηMp | η ∈ ker(AdΦ(p) + 1)} for all p ∈M.
According to [AMM], Theorem 8.3, there is a one-to-one correspon-
dence between Hamiltonian LsG-spaces (X,ω, µ) with proper moment
map and quasi-Hamiltonian G-spaces (M,σ,Φ); the quasi-Hamiltonian
G-spaceM associated to a Hamiltonian G-space X is given by X/ΩsG,
the moment map Φ is the map induced on M by µ, and the two-
form σ is given by formula (31) in [AMM]. Given a Hamiltonian LsG-
space X with proper moment map, the symplectic quotient X//LsG is
given in terms of the corresponding quasi-Hamiltonian G-space M by
X//LsG = M//G := Φ
−1(e)/G.
Example 2.2. The quasi-Hamiltonian G-space corresponding to X =
LG/G in Example 1.5 is a point. The quasi-Hamiltonian G-space
corresponding to X = LG/T in Example 1.6 is the conjugacy class
Cexp ξ. In both cases, the G-valued moment map is given by inclu-
sion. The quasi-Hamiltonian G-space corresponding to Example 1.7
is M = G2h, equipped with the moment map Φ: M −→ G given by
Φ(a1, . . . , ah, b1, . . . , bh) =
∏h
i=1[ai, bi] (see [AMM]).
We are now ready to state a version of our main theorem for quasi-
Hamiltonian G-spaces. For any G-space X , let C∗G(X) = C
∗(XG) =
C∗(X ×G EG) denote the singular cochain complex. Consider the fi-
bration p : G×G EG −→ BG, and let j : BG −→ G×G EG denote the
inclusion of BG as {e} ×G EG. Because the action of G on itself is
equivariantly formal (see [GS2], p. 186), we can find closed co-chains
bi ∈ C∗G(G) whose restrictions to the fiber G generate the cohomology
of G as a ring. By replacing each bi, if necessary, by bi − p∗(j∗(bi)),
we may assume that j∗(bi) = 0. If there exist ai ∈ C∗G(M) so that
Φ∗(bi) = dai then ai|Φ−1(e) is closed.
Theorem 3 (Surjectivity for quasi-Hamiltonian G-spaces). Let G be a
compact simply connected Lie group. Let bi ∈ C∗G(G) satisfy j∗(bi) = 0
and generate the cohomology of the fiber G of the fibration p as a ring.
Let (M,σ,Φ) be a quasi-Hamiltonian G-space. Assume that there
exist co-chains ai ∈ C∗G(M) such that dai = Φ∗(bi).
Then H∗G(Φ
−1(e)) is generated as a ring by the image of the restric-
tion H∗G(M) −→ H∗G(Φ−1(e)) along with the classes [ai|Φ−1(e)].
In particular, if e is a regular value of Φ, then H∗(M//G) is generated
as a ring by the image of the Kirwan map κ along with the classes
[ai|Φ−1(e)].
SURJECTIVITY FOR HAMILTONIAN LOOP GROUP SPACES 9
Remark 2.3. The additional assumption made in our theorem, that
the pull-back Φ∗(bi) is exact for all i, is satisfied for the quasi-Hamiltonian
G-spaces given in Examples 1.5 ,1.6, and 1.7. We do not know of a
proof that this condition follows in general from the definition of a
quasi-Hamiltonian G-space. However, in the case where G = SU(2),
this is the case, and we have the following corollary.
Corollary 2.4. Let (M,σ,Φ) be a quasi-Hamiltonian SU(2)-space.
Then H∗SU(2)(Φ
−1(e)) is generated as a ring by the image of the re-
striction H∗SU(2)(M) −→ H∗SU(2)(Φ−1(e)) along with the class [σ|Φ−1(e)].
In particular, if e is a regular value of Φ, then H∗(M//G) is generated
as a ring by the image of κ and the class of the symplectic form.
Proof. In the Cartan model, the equivariant cohomology of aG-manifold
M is given by the cohomology of the complex ((Ω∗(M)⊗ S(g∗))G, δ =
d + iηM ), where S(g
∗) is the algebra of symmetric polynomials on g,
and ηM denotes the vector field on M corresponding to η for each
η ∈ g; see e.g. [GS2]. If G is a simple group, the generator of H3G(G)
is given by the differential form ξ + 1
2
Φ∗(θL + θR). Conditions (1) and
(2) in the definition of a quasi-Hamiltonian G-space above state that
δσ = Φ∗(ξ + 1
2
Φ∗(θL + θR)). We now apply Theorem 3.

Proof of Theorem 3. Consider the fibration q : Lsg
∗ ×G EG −→ BG,
and let i : BG −→ Lsg∗ ×G EG denote the inclusion of BG as {0} ×G
EG. Since Hol ◦ i = j, i∗(Hol∗(bi)) = j∗(bi) = 0. Since i is a homotopy
equivalence, there exist ci ∈ C∗G(Lsg∗) such that dci = Hol∗(bi). By
replacing each ci, if necessary, by ci − q∗(i∗(ci)), we may assume that
i∗(ci) = 0.
Fix a point x ∈ BG, and let γi ∈ C∗(Lsg∗) and βi ∈ C∗(G) denote
the restrictions of ci and bi to a fiber of q
−1(x) and p−1(x), respec-
tively. We now consider the principal ΩsG bundle Hol : Lsg
∗ −→ G.
Then dγi = Hol
∗(βi). Since the space Lsg
∗ is contractible and H∗(G)
is generated by the cohomology classes βi, which are classes of odd
degree, a spectral sequence argument shows that the restriction of γi
to each fiber generates the cohomology H∗(ΩsG) as a ring. Hence, the
restriction of ci to each fiber generates the cohomology H
∗(ΩsG) as a
ring.
Now note that ei = µ
∗(ci)−π∗(ai) are closed cochains onX×GEG be-
cause d(ei) = µ
∗(dci)− π∗(dai) = µ∗(Hol∗(bi))− π∗(Φ∗(bi)) = 0. More-
over, the restrictions of the ei to each fiber of the fibrationX×GEG −→
M ×G EG generate the cohomology of the fibre ΩsG as a ring. By
the Leray-Hirsch theorem, the cohomology H∗G(X) is then generated
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as a ring by the ei and the pull-backs of classes on H
∗
G(M) under π.
Therefore, the image of the restriction map H∗G(X) −→ H∗G(µ−1(0))
is also generated as a ring by the images of these classes. This im-
age is just the image of the restriction map H∗G(M) −→ H∗G(Φ−1(e)),
along with the restrictions ei|Φ−1(e) (recall that Φ−1(e) = µ−1(0)). To
identify those restrictions, note that π∗(ai)|µ−1(0) = ai|Φ−1(e). On the
other hand, µ∗(cj)|µ−1(0) = 0 since the restriction i∗cj vanishes. Thus
ei|µ−1(0) = ai|Φ−1(e).
By Theorem 2, the restriction map H∗G(X) −→ H∗G(µ−1(0)) is sur-
jective. It follows that H∗G(Φ
−1(e)) is generated as a ring by the image
of H∗G(M) under the inclusion map k : Φ
−1(e) −→ M , along with the
classes ai|Φ−1(e). 
3. Path Spaces
In this section we show that in order to prove surjectivity for a Hamil-
tonian LsG-space X , it is enough to prove surjectivity for an associated
infinite-dimensional space Xˆ . The spaces X and Xˆ are related in the
same way as the space of paths of Sobolev class s > 1
2
is related to the
space of piecewise smooth paths. The rest of the paper will be devoted
to proving surjectivity for the space Xˆ .
We first construct this space Xˆ .
Let P̂eG be the space of piecewise smooth based paths on G; that is,
piecewise smooth maps λ : [0, 1] −→ G so that λ(0) = e, where e ∈ G
is the identity. We define a metric δ on P̂eG, following [B]: given paths
λ, λ′ ∈ P̂eG,
δ(λ, λ′) = maxt∈[0,1] d(λ(t), λ(t
′)) + |J(λ)− J(λ′)|,
where d is an invariant metric onG and J is the length function on P̂eG.
The group G acts on P̂eG by (g · λ)(t) = g−1λ(t)g. Let ρˆ : P̂eG −→ G
be the endpoint map,
Let (X,ω, µ) be a Hamiltonian LsG-space with a proper moment
map. Let (M,σ,Φ) be the associated quasi-HamiltonianG–space. Note
that X can be reconstructed from Φ: M −→ G since
X = {(γ,m) ∈ Lsg∗ ×M | Φ(m) = Hol(γ)}.
We introduce a new space Xˆ , which we call the infinite approximat-
ing space associated to the Hamiltonian-LsG space (X,ω, µ), given
by
Xˆ := {(λ,m) ∈ P̂eG×M | Φ(m) = ρˆ(λ)}.
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The space Xˆ comes equipped with the diagonal G action. Define the
energy function fˆ : Xˆ −→ R by
fˆ(λ,m) =
∫
[0,1]
∣∣∣∣λ−1dλdt
∣∣∣∣2 dt.
The main result of this section is the following.
Proposition 3.1. Let G be a compact Lie group, and LsG be the cor-
responding loop group, where s > 1/2. Let (X,ω, µ) be a Hamiltonian
LsG-space with proper moment map. Let Xˆ be the associated infinite
approximating space, and let fˆ : Xˆ −→ R be the energy function.
The restriction map H∗G(X) −→ H∗G(f−1(0)) is surjective if and only
if the restriction map H∗G(Xˆ) −→ H∗G(fˆ−1(0)) is surjective.
Let PeG
∗ be the space of continuous maps from [0, 1] to G, endowed
with the uniform topology. The group G acts on PeG
∗ by (g · λ)(t) =
g−1λ(t)g. Let ρ∗ : PeG
∗ −→ G be the endpoint map. Define the space
X∗
X∗ = {(γ,m) ∈ PeG∗ ×M | Φ(m) = ρ∗(γ)}.
Define the G action on X∗ as in the case of Xˆ .
Note that the spaces P̂eG and PeG
∗ are both equivariantly con-
tractible. The space Xˆ comes equipped with an equivariant map
µˆ : Xˆ −→ P̂eG defined by µˆ(λ,m) = λ. Similarly, PeG∗ comes equipped
with an equivariant map µ∗ : X∗ −→ PeG∗. Let e denote the constant
path at the identity in both P̂eG and PeG
∗
There is a natural equivariant inclusion map iˆ : Xˆ −→ X∗. Simi-
larly, where s > 1/2, the map hol : Lsg
∗ −→ PeG∗, which sends ev-
ery g−valued one form to its holonomy, induces a equivariant map
i : X −→ X∗.
To prove Proposition 3.1, note that f−1(0) = µ−1(0) = µ∗−1(e) =
µˆ−1(e) = fˆ−1(0). Moreover, the maps i : X −→ X∗ and iˆ : Xˆ −→
X∗ commute with the restrictions to these subspaces. Therefore, it is
enough to prove the following result.
Lemma 3.2. The maps i : X −→ X∗ and iˆ : Xˆ −→ X∗ induce isomor-
phisms in equivariant cohomology.
Let Ω̂G be the group of piecewise smooth based loops on G, i.e.,
Ω̂G = {λ ∈ P̂eG | λ(0) = λ(1) = e}.
Let ΩG∗ be the space of continuous based loops on G. The end-
point maps ρˆ : P̂eG −→ G and ρ∗ : PeG∗ −→ G are (Serre) fibra-
tions, with fibers Ω̂G and ΩG∗, respectively. The natural inclusion
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map j : P̂eG −→ PeG∗ is a G-equivariant map which preserves these
fibrations.
Considering now the exact homotopy sequence of the fibrations, we
get a map of long exact sequences:
(3.3)
. . . // πn(Ω̂G)
//

πn(P̂eG)
//
j∗

πn(G) //
=

. . .
. . . // πn(ΩG
∗) // πn(PeG
∗) // πn(G) // . . .
The map on the right is the identity, and the map in the middle is an
isomorphism because both PeG
∗ and P̂eG are contractible. By the five
lemma, the inclusion Ω̂G −→ ΩG∗ also induces an isomorphism in all
homotopy groups.
There are natural fibrations Xˆ −→ M and X∗ −→ M with fibers Ω̂G
and ΩG∗, respectively. The inclusion P̂eG −→ PeG∗ is G-equivariant,
and preserves these fibrations. Hence, we obtain a map of the homotopy
quotient fibrations from Xˆ ×G EG −→ M ×G EG to X∗ ×G EG −→
M ×G EG.
We then obtain a map of long exact sequences
(3.4)
. . . // πn(Ω̂G)
//

πn(Xˆ ×G EG) //

πn(M ×G EG) //

. . .
. . . // πn(ΩG
∗) // πn(X
∗ ×G EG) // πn(M ×G EG) // . . .
The map on the right side of this sequence is the identity; the map on
the left is an isomorphism for all n by our previous argument. Thus the
map i induces an isomorphism in all homotopy groups. The Whitehead
theorem shows that the inclusion Xˆ −→ X∗ induces an isomorphism
in equivariant cohomology.
A similar argument shows that the inclusion X −→ X∗ also induces
an isomorphism in equivariant cohomology.
4. Reduction to finite dimensions
The previous section showed that surjectivity for a Hamiltonian LsG-
spaceX follows from surjectivity for the associated infinite approximat-
ing space Xˆ . In this section, we show that the infinite approximating
space can itself be approximated by a sequence of finite-dimensional
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manifolds Yn. We show that surjectivity holds for Xˆ if it holds for each
Yn.
Let G be a compact Lie group. Let (X,ω, µ) be a Hamiltonian LsG
space with proper moment map. Let (M,σ,Φ) be the associated quasi-
Hamiltonian G-space. For each positive integer n, let
Xn : = {(g1, . . . , gn, m) ∈ Gn ×M | gn = Φ(m)} .
Note that Xn is diffeomorphic to G
n−1 × M . The space Xn comes
equipped with the diagonal G action, where G acts on each copy of G
by the adjoint action. The energy function fn : Xn −→ R is given by
fn(g1, . . . , gn, m) = nρ(e, g1)
2 + nρ(g1, g2)
2 + · · ·+ nρ(gn−1, gn)2.
Note that the energy function fn is G-invariant. There exists a positive
number ρ such that any two points p, q ∈ G of distance d(p, q) < ρ
may be connected by a unique shortest geodesic. We define the finite
approximating manifold Yn associated to (X,ω, µ) by
Yn := f
−1
n (−∞,
1
2
nρ2).
We can now state the main result of this section:
Proposition 4.1. Let (X,ω, µ) be a Hamiltonian LsG space with proper
moment map. Let Xˆ be the associated infinite approximating space, and
let fˆ : Xˆ −→ R be the energy function. Let Yn be the finite approxi-
mating manifolds, and let fn : Yn −→ R be the energy functions.
If the restriction maps H∗G(Yn) −→ H∗G(f−1n (0)) are all surjections,
then the restriction map H∗G(Xˆ) −→ H∗G(fˆ−1(0)) is a surjection.
Given p = (g1, . . . , gn, m) ∈ Yn, let g0 = e. Then
fn(g1, . . . , gn, m) = n
(
n−1∑
i=0
ρ(gi, gi+1)
2
)
<
1
2
nρ2.
Therefore, ρ(gi, gi+1) ≤
√
1
2
nρ2
n
< ρ for all 0 ≤ i < n. Hence, there is a
unique minimal geodesic between gi and gi+1. These geodesics can be
joined to form a path λp such that λp(
i
n
) = gn. Define β : Yn −→ Xˆ by
β(p = (g1, . . . , gn, m)) = (λp, m).
It is clear from the definition that
fˆ ◦ β = fn.
Hence, β is a map from Yn to fˆ
−1(−∞, 1
2
nρ2) ⊂ Xˆ , where
fˆ−1(−∞, 1
2
nρ2) = {x ∈ Xˆ | fˆ(x) < 1
2
nρ2}.
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Propostion 4.1 now follows immediately from the lemma below, which
is adapted from [B] and [M].
Lemma 4.2. For any natural number n, β : Yn −→ fˆ−1(−∞, 12nρ2) is
a G-equivariant homotopy equivalence.
Proof. First, we define α : fˆ−1(−∞, 1
2
nρ2) −→ Yn. Given (λ,m) ∈ Xˆ,
define α(λ,m) ∈ Xn by
α(λ,m) = (λ(1/n), λ(2/n), . . . , λ(1), m) .
This function is well-defined, since, by assumption λ(1) = Φ(m). It is
also continuous. Moreover, this map takes fˆ−1(−∞, 1
2
nρ2) to Yn since∫
[ in ,
i+1
n ]
∣∣∣∣dλdt
∣∣∣∣2 dt ≥ nρ(λ( in
)
, λ
(
i+ 1
n
))2
for all 0 ≤ i < n.
As in [B], one may construct a homotopy Dt from fˆ
−1(−∞, 1
2
nρ2) ⊂
Xˆ to itself so that D0 is the identity, and D1 = β ◦ α. To construct
this, one simply deforms the segment of λ between λ( i
n
) and λ( i+1
n
)
into the shortest geodesic joining λ( i
n
) and λ( i+1
n
). The intermediate
paths will be the shortest geodesic joining λ( i
n
) and λ( i
n
+ ǫ), followed
by the original curve between λ( i
n
+ ǫ) and λ( i+1
n
).
Finally, since α ◦ β is already the identity, we are done. 
5. Properties of the finite-dimensional approximation
To prove that the energy function fn : Yn −→ R on the finite approx-
imating manifold is Morse in the sense of Kirwan, one needs to find
the critical sets of fn and to compute the Hessian on each critical set.
In this section, we begin these computations.
The results in this section do not depend on the details of the prop-
erties of quasi-Hamiltonian G-spaces: Given any compact, connected
G-manifold M , along with an equivariant map Φ: M −→ G, define
Xn, fn, and Yn as in Section 4 above. The results in this section will
then hold.
Lemma 5.1. Consider y = (g1, . . . , gn, m) ∈ Yn. Let β(y) = (λ,m) ∈
Xˆ. The function fn is critical at y if and only if following conditions
hold:
(1) The path λ is a geodesic.
(2) The velocity of λ at time 1 is perpendicular to the image of
Φ∗ : TmM −→ TΦ(m)G.
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Proof. (Compare with [B], p. 319.) Let X = (X1, . . . , Xn−1, Xn, Y ) ∈
TyYn be a tangent vector. Note that Xn = Φ∗(Y ), but otherwise the
Xi are independent.
Let g0 = e and let X0 ∈ Te(G) be the zero vector. Let si denote
the unique shortest geodesic between gi and gi+1 for all 0 ≤ i < n,
parametrized so that si(0) = gi and si(1) = gi+1. Let s˙i(t) denote the
unit tangent vector of si at time t. Consider a one-parameter family of
paths θ(s, t) so that θ(0, t) = s(t) and ∂θ
∂s
(0, t) = W (t), where W (t) is
the unique Jacobi field which is continuous on s(t) and smooth except
possibly at i
n
, such that W (i/n) = Xi.
By the first variation formula
X(ρ2(gi, gi+1)) = 2 〈s˙i(1), Xi+1〉 − 2 〈s˙i(0), Xi〉 .
Summing the terms, we get
1
2n
X(fn) =
n−2∑
i=0
〈s˙i(1)− s˙i+1(0), Xi+1〉+ 〈s˙n−1(1),Φ∗(Y )〉 .
This is zero for all X ∈ TyY exactly if s˙i(1) = s˙i+1(0) for all i and
Φ∗(TyYn) is perpendicular to s˙n−1(1) 
Definition 5.2. Consider any m ∈ M and ξ ∈ TΦ(m)G such that ξ
is perpendicular to the image Φ∗(TmM). There exists a symmetric
bilinear form
HξΦ: TmM × TmM −→ R
defined as follows: Given Y and Y ′ in TmM , choose a smooth map α
from a neighborhood of (0, 0) in R2 to M so that
α(0) = m,
∂α
∂s
(0, 0) = Y, and
∂α
∂t
(0, 0) = Y ′,
where s and t are the coordinates on R2. Then
HξΦ(Y, Y ′) =
〈
D
Ds
∂
∂t
(Φ ◦ α)(0, 0), ξ
〉
.
Here we have denoted by D/Ds the covariant derivative given by the
Levi-Civita connection associated to the bi-invariant metric on G.
The proof that this is well-defined is analogous to the proof that the
Hessian of a function is well-defined at a critical point.
Lemma 5.3. Let y = (g1, . . . , gn, m) ∈ Yn be a critical point of fn and
let β(y) = (λ,m). Consider η = (X1, . . . , Xn, Y ) and η
′ = (X ′1, . . . , X
′
n, Y
′) ∈
TyYn. LetW be the unique Jacobi field on λ which is smooth except pos-
sibly at gi, and such that W (0) = 0 and W (i/n) = Xi for all 1 < i ≤ n.
Let ∆i
DW
Dt
denote the difference between the left and right hand limit
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of DW
Dt
at gi. The Hessian Hfn of fn at y is given by the following
formula:
(5.4) Hfn(η, η
′) =
∑
i<n
〈
∆i
DW
Dt
,X ′i
〉
+
〈
DW
Dt
(1), X ′n
〉
+HξΦ(Y, Y ′).
Proof. The second variation formula for fixed endpoints is easily ex-
tended to the case where variations in the path are allowed at t = 1.
Given a geodesic λ(t) = exp(ξt) on the group G, and let θ(s, t) be a
variation of λ; that is θ(0, t) = λ(t), and θ(s, 0) = e for all s. Sup-
pose θ is continuous everywhere and smooth except possibly where
t = i/n, i = 1, · · · , n − 1, Write V = θ∗(∂/∂t), Y = θ∗(∂/∂s), and
W = Y |s=0. The vector field W (t) is a broken Jacobi field along λ; we
write Xi =W (i/n). Let E(s) := 1/2
∫ 1
0
|∂θ/∂t|2dt. The familiar second
variation formula (e.g. [M], Theorem 13.1) becomes d2E/ds2|s=0 =∑
i<n
〈
∆i
DW
Dt
, Xi
〉
+ 〈DY Y, V 〉|s=0,t=1 + 〈W (1), DWDt (1)〉|s=0,t=1. The re-
sult follows.

Since fn is a G-invariant function, equation (5.4) gives the following
result.
Lemma 5.5. Let y = (g1, . . . , gn, m) ∈ Yn be a critical point of fn and
let β(y) = (λ,m). Given γ ∈ g, let γˆ ∈ TmM be the value at m of the
vector field γM on M induced by γ. Let W be the Jacobi field on the
path λ induced by conjugation by exp(sγ). Then
〈DW/Dt(1),Φ∗(Y ′)〉+HξΦ(γM , Y ′) = 0
for all Y ′ ∈ Tm(M).
6. Local normal forms for quasi-Hamiltonian G-spaces
The main goal of this section is to prove a local normal form the-
orem for quasi-Hamiltonian G-spaces (Proposition 6.1). The proof of
this theorem involves combining the local normal form theorem for
Hamiltonian G-spaces [GS] with results from [AMM] which show that
a quasi-Hamiltonian G-space is locally modelled on a Hamiltonian G-
space. The normal form theorem of Proposition 6.1 will allow us to
perform explicit calculations of the Hessians of the energy functions
on the finite approximating manifolds, which we will use to show that
these functions are Morse in the sense of Kirwan.
Let G be a compact Lie group, and let 〈·, ·〉 be an invariant metric
on g. Given a subpace h ⊂ g, let h⊥ ⊂ g denote its metric orthogonal
complement. We will also use the metric to identify h∗ with h.
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Let (M,σ,Φ) be a quasi-Hamiltonian G-space. Given a subspace
W ⊂ TxM , let W σ ⊂ TxM denote the subpace of σ orthogonal vectors.
The symplectic slice at p ∈M is the vector space
V = (TpO)σ/(TpO ∩ (TpO)σ),
where O = G · p is the G orbit of p. Since by the axioms for quasi-
Hamiltonian G-spaces, the kernel of σp is contained entirely in TpO, V
is a symplectic vector space. The isotropy representation of Stab(p) on
TpM induces a representation on the symplectic slice, called the slice
representation. Our main proposition is the following.
Proposition 6.1. Let (M,σ,Φ) be a quasi-Hamiltonian G-space. For
any p ∈M , let H = Stab(p), K = Stab(Φ(p)), and V be the symplectic
slice at p.
There exists a neighbourhood of the orbit G · p which is equivariantly
diffeomorphic to a neighborhood of the orbit G · [e, 0, 0] in
Y := G×H ((h⊥ ∩ k)× V ).
In terms of this diffeomorphism, the G-valued moment map Φ: M −→
G may be written as
Φ([g, γ, v]) = Adg(Φ(p) exp(γ + φ(v))),
where φ : V −→ h∗ ≃ h is the moment map for the slice representation.
To prove Proposition 6.1, we will need the local normal form theorem
for Hamiltonian G-spaces given, for example, in Guillemin-Sternberg
[GS], Section 41. Given a subalgebra h ⊂ g, let h0 ⊂ g∗ denote its
annihilator.
Proposition 6.2. Let (M,ω, µ) be a Hamiltonian G-space. For any
p ∈ M , let H = Stab(p), let K = Stab(µ(p)), and let V be the sym-
plectic slice at p. There exists a neighbourhood of the orbit G · p which
is equivariantly diffeomorphic to a neighborhood of the orbit G · [e, 0, 0]
in
Y := G×H ((h0 ∩ k∗)× V ).
In terms of this diffeomorphism, the moment map µ : M −→ g∗ may
be written as
µ([g, γ, v]) = Ad∗g(µ(p) + γ + φ(v)),
where φ : V −→ h∗ is the moment map for the slice representation.
Here, the symplectic slice at p ∈ M is the vector space V =
(TpO)ω/(TpO ∩ (TpO)ω), where O = G · p is the G orbit of p.
In order to derive the normal form theorem for quasi-Hamiltonian
G-spaces from the normal form theorem for Hamiltonian G-spaces, we
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need the following two theorems about quasi-Hamiltonian G-spaces,
both taken from [AMM], which show that locally, a quasi-Hamiltonian
G-space may be modelled on a Hamiltonian G-space.
Proposition 6.3 ([AMM], Remark 3.3). Let (M,σ,Φ) be a quasi-
Hamiltonian G-space. Let U ⊂ g be a connected neigborhood of 0 so
that the exponential map is a diffeomorphism on U , and let V = expU .
Then there exists a Hamiltonian G-space (N, ω, ν) and an equivariant
diffeomorphism ψ : N −→ Φ−1(V ), so that the following diagram com-
mutes
(6.4)
N
ν
//
ψ

g∗ ≃ g
exp

Φ−1(V )
Φ|Φ−1(V )
// G
Consider the adjoint action of the Lie group G on itself. Recall that
for any ζ ∈ G, Uζ ⊂ K is a slice for the action of G at ζ if Uζ is
preserved by the action of K = Z(ζ), the centralizer of ζ , and if the
natural map G×K Uζ −→ G is an equivariant diffeomorphism onto its
image. Note that a slice exists for every ζ ∈ G.
Proposition 6.5 ([AMM], Proposition 7.1). Let (M,σ,Φ) be a quasi-
Hamiltonian G-space. Given ζ ∈ G, let Uζ be a slice for the action of G
on itself at ζ, and let Yζ := Φ
−1(Uζ). Let K = Z(ζ) be the centralizer of
ζ. The quasi-Hamiltonian cross-section (Yζ , σ|Yζ ,Φ|Yζ) is a quasi-
Hamiltonian K-space.
We can now begin our proof.
Proof of Proposition 6.1. Let p ∈ M and let ζ := Φ(p). Let Uζ be a
slice for the action ofG on itself at ζ . Let Yζ = Φ
−1(Uζ). By Proposition
6.5, (Yζ, σ|Yζ ,Φ|Yζ ) is a quasi-Hamiltonian K-space. Define Ψ: Yζ −→
K by Ψ(m) = ζ−1Φ(m). Since ζ is in the center of K, the triple
(Yζ, σ|Yζ ,Ψ|Yζ) is also a quasi-Hamiltonian K-space. Moreover Ψ(p) =
e. Therefore, by Proposition 6.3, there exists a Hamlitonian K-space
(N, ω, ν) that is K-equivariantly diffeomorphic to a neighborhood of
p in Yζ , with the diffeomorphism carrying exp(ν) to Ψ. A calculation
using the explicit formula given in [AMM] (equation 31) for the relation
between the form σ|Yζ and the form ω shows that the symplectic slice
V at the point corresponding to p in N is identical with the symplectic
slice at p in Yζ. Finally, we apply the local normal form theorem
for Hamiltonian K-spaces (Proposition 6.2). This shows that N is
locally equivariantly diffeomorphic to K ×H ((h0 ∩ k∗) × V ), with the
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diffeomorphism carrying the moment map ν to the map [k, α, v] −→ k ·
(α+φ(v)), where φ is the moment map for the slice representation. 
7. Properties of quasi-Hamiltonian G-spaces
In this section, we first prove the collection of results immediately
below, which describe the first and second derivatives of a G-valued
moment map. We conclude by proving a result which will be useful in
characterizing the critical set of the functions fn. All these results are
proved using the local normal form theorem from the previous section.
We will use the following notation. Let G be a compact Lie group,
and let M be a G-space. Given m ∈ M , let stab(m) := Lie(Stab(m)).
Also, for any ξ ∈ g, let M ξ := {m ∈M | etξ ·m = m ∀ t ∈ R}.
Lemma 7.1 ([AMM], Proposition 4.1, part (3)). Let (M,σ,Φ) be a
quasi-Hamiltonian G-space. Fix m ∈M ; let h = stab(m). Then
Φ(m)−1Φ∗(TmM) = h
⊥.
Lemma 7.2. Let (M,σ,Φ) be a quasi-Hamiltonian G-space. Fix ξ ∈ g
and m ∈M ξ such that Φ(m) = exp(ξ); let h = stab(m). Then
Φ(m)−1Φ∗(TmM
ξ) = h⊥ ∩ gξ.
Proposition 7.3. Let (M,σ,Φ) be a quasi-Hamiltonian G-space. Fix
ξ ∈ g and m ∈ M ξ such that Φ(m) = exp(ξ). If X ∈ Tm(M ξ), then X
is in the null-space of HξΦm.
Proposition 7.4. Let (M,σ,Φ) be a quasi-Hamiltonian G-space. Fix
ξ ∈ g and m ∈ M ξ such that Φ(m) = exp(ξ). Given X ∈ Tm(M) such
that Φ(m)−1Φ∗(X) = 0, if X is in the null-space of the Hessian H
ξΦm,
then X ∈ Tm(M ξ).
Let ζ = Φ(m), H = Stab(m), and K = Stab(ζ). Let V be the sym-
plectic slice at m, and let φ : V −→ h∗ ≃ h be the moment map for the
slice representation. By Proposition 6.1, there exists a neighborhood
of G · m equivariantly diffeomorphic to a neighborhood of G · [e, 0, 0]
in Y = G ×H (k ∩ h⊥ × V ). Under this identification, Φ is given by
Φ([g, γ, v]) = Adg(ζ exp(γ + φ(v))).
A direct computation shows that for p = [e, 0, 0] ∈ G×H (k∩h⊥×V )
and for any (a, x, v) ∈ h⊥ × k ∩ h⊥ × V = Tp(G×H (k ∩ h⊥ × V )),
(7.5) Φ(p)−1Φ∗(a, x, v) = (1−Adζ)(a) + x.
Consider the map from h : g −→ g given by h(a) = (1 − Adζ)(a).
The kernel of h is given by ker(h) = k. On the other hand, if b ∈ k, then
〈(1− Adζ)(a), b〉 = 〈a, (1−Adζ−1)(b)〉 = 0 for all a ∈ g, so h(g) ⊂ k⊥.
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By a dimension count, this implies that h(g) = k⊥. Lemma 7.1 now
follows immediately from equation (7.5).
We now prove Lemma 7.2. Note that Φ(p)−1Φ∗(TY
ξ) is contained
in h⊥ ∩ gξ. On the other hand, since exp(ξ) = ζ , gξ ⊂ k. Thus, given
x ∈ h⊥ ∩ gξ, we have (0, x, 0) ∈ TpY ξ and Φ(p)−1Φ∗(0, x, 0) = x.
We now consider the proofs of Proposition 7.3 and Proposition 7.4.
As these involve the Hessian HξΦ, we begin with a direct computation
of this Hessian in local coordinates. To do so, choose [a, x, v] ∈ T[e,0,0]Y
and paths g(s) in G, x(s) in h⊥ ∩ k and v(s) in V so that g(0) =
e, g′(0) = a, x(0) = 0, x′(0) = x, v(0) = 0, and v′(0) = v. We write
Φ(s) = Adg(s)ζ exp(x(s) + φ(v(s)) and compute the quantities H
ξ
LΦ :=
d/ds〈Φ(s)−1d/ds(Φ(s)), ξ〉|s=0 andHξRΦ := d/ds〈(d/ds(Φ(s)))Φ(s)−1, ξ〉|s=0.
These quantities correspond to a variant of the definition of the HξΦ
given in Definition 5.2 where the covariant derivative with respect
to the Levi-Civita connection is replaced by its analog for the con-
nection obtained from the parallelism arising from left-translation to
the origin and right-invariant translation to the origin, respectively.
It is easy to see that that HξLΦ = H
ξ
RΦ, and since the Levi-Civita
connection is the average of the left- and right-invariant connections,
HξΦ = HξLΦ = H
ξ
RΦ. A direct calculation of H
ξ
LΦ shows that given
(a, x, v) and (a′, x′, v′) in TpY , the Hessian of Φ at p is given by
(7.6) 2HξΦp((a, x, v), (a
′, x′, v′)) = 〈φ(v, v′), ξ〉+
〈[a,Adζa′] + [a′,Adζa] + [x′, (1 + Adζ)(a)] + [x, (1 + Adζ)(a′)], ξ〉 .
Here, φ(v, v′) denotes the h-valued function on V × V which gives rise
to the quadratic moment map φ : V −→ h∗ ≃ h.
We now prove Proposition 7.3. Given any (a, x, v) ∈ TpY ξ = (h⊥)ξ×
(h⊥)ξ × V ξ, and any (a′, x′, v′) ∈ TpY , we may apply equation (7.6) to
obtain
2HξΦp((a, x, v), (a
′, x′, v′)) =
〈[a, a′] + [a′, a] + 2[x′, a] + 2[x, a′] + φ(v, v′), ξ〉 = 0,
as needed.
We now consider Proposition 7.4. By equation (7.5), the kernel of
Φ(p)−1Φ∗ is k ∩ h⊥ × 0× V . Furthermore, if (a, 0, v) ∈ k ∩ h⊥ × 0× V
is in the nullspace of HξΦp, then
2HξΦp((a, 0, v), (0, 0, v
′)) = 〈φ(v, v′), ξ〉 = 0
for all v′ ∈ V . Thus v ∈ V ξ and (a, 0, 0) is also in the nullspace of
HξΦp. Note that since a ∈ k ∩ h⊥ and ξ ∈ k, [a, ξ] ∈ k ∩ h⊥. By
equation (7.6),
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2HξΦp((a, 0, 0), (0, [a, ξ], 0)) = 2〈[a, ξ], [a, ξ]〉 = 0.
It follows that [a, ξ] = 0, so that (a, 0, v) ∈ TpM ξ.
Finally we have the following result.
Proposition 7.7. Let (M,σ,Φ) be a quasi-Hamiltonian G-space. De-
fine ∆ ⊂ g×M by
∆ := {(ξ,m) ∈ g×M | ξ ∈ stab(m)and exp(ξ) = Φ(m)}.
Fix r > 0. The set ∆ ∩ ((G · ξ)×M) is nonempty for a finite number
of G-orbits G · ξ with |ξ| < r. Furthermore, for each ξ ∈ g, the set
∆ ∩ ((G · ξ)×M) has a finite number of connected components.
Proof. Since ∆ is closed and M is compact, it will suffice to show that
for all (η,m) ∈ ∆, there exists a G-invariant neighborhood U of the
orbit G ·m so that ∆∩ ((G · ξ)×U) is nonempty for only finitely many
orbits G · ξ with |ξ| < r, and so that ∆∩ ((G ·η)×U) has finitely many
connected components. So fix (η,m) ∈ ∆.
Let ζ := Φ(m), H := Stab(m), and K := Z(ζ). Since (η,m) ∈ ∆,
η ∈ h. We can choose a maximal torus T for G so that η ∈ t and T ∩H
is a maximal torus for H .
Let V be the symplectic slice, and let φ : V −→ h∗ ≃ h be the mo-
ment map for the slice representation. By Proposition 6.1, there exists
a G-invariant neighborhood U of G ·m, an H-invariant neighborhood
A of 0 ∈ h⊥ ∩ k, and an H-invariant neighborhood B of 0 ∈ V so that
U ≃ G×H (A×B). Under this identification, the moment map Φ|U is
given by Φ([g, a, b]) = Adgζ exp(a + φ(b)). There exists a K invariant
neighborhood Z of ζ in K so that the natural map
G×K Z −→ G
is an equivariant diffeomorphism onto its image. By shrinking U fur-
ther, if necessary, we may assume that the set A × φ(B) is contained
in the injectivity radius of the exponential map exp : k −→ K and also
that ζ exp(A+ φ(B)) ⊂ Z.
We first show that ∆ ∩ ((G · ξ) × U) is nonempty for only finitely
many orbits G · ξ with |ξ| < r. Given a conjugacy class Λ of subgroups
of G, we write UΛ := {u ∈ U | Stab(u) ∈ Λ}. Because UΛ 6= ∅ for
only a finite number of conjugacy classes, it will suffice to show that
for every conjugacy class Λ, ∆ ∩ ((G · ξ) × UΛ) is nonempty for only
finitely many orbits G · ξ.
Fix Λ so that UΛ 6= ∅. Choose a representative H˜ of Λ so that T ∩ H˜
is a maximal torus of H˜. Let Br(0) denote the ball of radius r in g,
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and define, for ξ ∈ h˜ ∩ t ∩ Br(0),
Vξ := {(a, b) ∈ A× B | Stab(a, b) = H˜ and exp(ξ) = ζ exp(a+ φ(b))}.
The set ∆ is G-invariant. Moreover every G-orbit in ∆ ∩ (g × UΛ)
contains a point (ξ, u) so that u is of the form [e, a, b], Stab(u) = H˜,
and ξ ∈ t ∩ h˜. Hence, we will be done if we prove that Vξ is nonempty
for only finitely many ξ ∈ h˜ ∩ t ∩ Br(0). let ℓ ⊂ t denote the integral
lattice in the torus t. Then, for ξ ∈ h˜ ∩ t ∩Br(0),
Vξ = {(a, b) ∈ ×A× B | Stab(a, b) = H˜ and η + a+ φ(b)− ξ ∈ ℓ}.
Now fix λ ∈ ℓ. Since A × φ(B) is a bounded subset of h˜⊥, the set
h˜ ∩ t ∩ Br(0) ∩ (A × φ(B) + λ + η) contains at most one point, and
is empty for sufficiently large λ. This proves that Vξ is non-empty for
only finitely many such ξ.
We will now show that ∆∩ ((G · η×U) has finitely many connected
components. Every orbit in ∆ ∩ ((G · η × U) contains a point (ξ, u)
so that u is of the form [e, a, b] and ξ ∈ t ∩ h. Since G · η ∩ t is a
finite set, it is enough to check that for all ξ ∈ t ∩ h ∩ G · η, the
set {(a, b) ∈ A × B | exp(ξ) = ζ exp(a + φ(b))} is connected. Now,
exp(ξ) = g−1ζg. So Adg(ζ) = ζ exp(a+φ(b)). Hence exp(a+φ(b)) = 1,
which implies that a + φ(b) = 0, whence a = 0 and φ(b) = 0. Since φ
is quadratic, the set {b ∈ B | ξ ∈ stab(b) andφ(b) = 0} is connected.

8. Properties of the energy functionals
In this section, we will put together the results of the previous sec-
tions to prove that the energy functions fn : Yn −→ R are self-perfecting
Morse-Kirwan functions. The main results of this chapter are summa-
rized in the following two propositions.
Proposition 8.1. The functions fn : Yn −→ R are Morse in the sense
of Kirwan.
Proposition 8.2. Let C be a component of the critical set of fn and let
E−C be the negative normal bundle at C. Then there exists a subtorus
T ⊂ G and a Z(T ) invariant subset B ⊂ CT so that the natural map
G×Z(T ) B −→ C is an equivariant homeomorphism. Moreover, (E−C )T
is a subset of the zero section of E−C . Here, Z(T ) denotes the centralizer
of T .
We now concentrate on proving these Propositions.
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Lemma 8.3. The function fn : Yn −→ R is critical at a point y =
(g1, . . . , gn, m) ∈ Yn if and if only if there exists ξ ∈ g with |ξ| < nρ
such that:
(1) gi = exp(
i
n
ξ) for all i and
(2) m ∈M ξ.
Proof. This follows immediately from Lemma 5.1, Lemma 7.1, and the
fact that a path γ : [0, 1] −→ G with γ(0) = e is a geodesic if and only
there exists ξ ∈ g so that γ(t) = exp(tξ). 
Lemma 8.3 and Proposition 7.7 give the following explicit description
of the critical points of fn.
Corollary 8.4. The critical set of the function fn has a finite number
of components. Each connected component C of the critical set of fn
is the G-orbit of a connected component of the set
(8.5)
Cξ :=
{(
exp
(
ξ
n
)
, . . . , exp
(
(n− 1)ξ
n
)
, exp(ξ), m
)
⊂ Yn
∣∣∣∣ m ∈M ξ}
for some ξ ∈ g.
Note that the components of the critical set of fn need not be man-
ifolds.
Definition 8.6. Let C be a connected component of the set G · Cξ
for some ξ. For a sufficiently small neighborhood U ⊂ Yn of C, define
ΣC = (G · Y ξn ) ∩ U .
Lemma 8.7. Let C be a component of the critical set of fn. Then ΣC
is a locally closed submanifold of Yn.
Moreover, there exists ξ ∈ G and a connected component B of Cξ so
that the natural map G×Stab(ξ) B −→ C is an equivariant homeomor-
phism. Let N(ΣC) denote the normal bundle to ΣC . Then (N(ΣC))
ξ is
a subset of the zero section of N(ΣC).
Proof. Let c ∈ C; then c ∈ Cξ for some ξ. Let B the connected
component of Cξ containing c. First, note that Y
ξ
n is a manifold, since
it is the fixed point set of a subgroup of G. The stabilizer of exp( ξ
n
) is
Stab(ξ). (Recall that Yn is constructed so that exp(
ξ
n
) is not conjugate
to e along the geodesic exp(tξ).) Thus for every x ∈ B, and hence
all nearby points in Y ξn , the stabilizer of x is contained in Stab(ξ).
Moreover, the action of Stab(ξ) takes Y ξn to itself. Therefore, G · Y ξn =
G ×Stab(ξ) Y ξn is a manifold near C. Similarly, by Corollary 8.4, C is
homeomorphic to G ×Stab(ξ) B. Finally, it is clear that exp(tξ) acts
freely on the complement of the zero section of the normal bundle to
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Y ξn , and hence also on the complement of the zero section of the normal
bundle to ΣC . 
To finish our proof, we need the following fact about Lie groups.
Lemma 8.8. Let G be a compact Lie group. Let W be a Jacobi field
along the geodesic t → exp(ξt) for some ξ ∈ g. If W (0) = 0 and
[DW
Dt
(0), ξ] = 0, then [W (t), ξ] = 0 for all t. Moreover, W (1) is a
non-zero multiple of DW
Dt
(1).
Proof. Given vector fields X , Y , and Z on G, let R(X, Y )Z denote
the curvature tensor. Fix ξ ∈ g. Let γ be the geodesic γ(t) = exp(tξ).
Define a linear transformation K : TeG −→ TeG by K(W ) = R(ξ,W )ξ.
Since K is self-adjoint, we may choose an orthonormal basis U1, . . . Un
for TeG so thatK(Ui) = eiUi, where ei are the eigenvalues ofK. We can
now extend the Ui to vector fields along γ by parallel translation. Any
Jacobi field along γ which vanishes at 0 can now be written uniquely
as W =
∑
ciwiUi, where wi = t if ei = 0, wi = sin(
√
eit) if ei > 0,
and wi = sinh(
√−eit) if ei < 0 (See [M]). From this, it is clear that
DW/Dt(0) =
∑
cidiUi, where di 6= 0 for all i.
Now, since R(X, Y )V = 1/4[[X, Y ], V ] for left invariant vector field,
it follows that if [Ui, ξ] = 0, then ei = 0. So we have W (t) =
∑
i citUi
and DW/Dt(0) =
∑
ciUi. So, in fact W (1) = DW/Dt(0). 
Lemma 8.9. Let C be any connected component of the critical set of
fn. Then C is the subset of ΣC on which fn takes its minimum value.
Proof. Recall that ΣC = G · (Y ξn ∩U), for a sufficiently small neighbor-
hood U of Cξ, for some ξ ∈ g.
Suppose that fn takes its minimal value at x = (g1, . . . , gn, m) ∈
Y ξn ∩ U ⊂ (Stab(ξ))n ×M ξ. We will show x ∈ Cξ.
Since x is near Cξ and Φ(m) ∈ Stab(ξ), there exists η ∈ stab(ξ)
near ξ such that exp(η) = Φ(m). Since ξ is in the center of Stab(ξ),
and η is nearby, there are no conjugate points to e in Stab(ξ) along
the geodesic t −→ exp(tη). So the shortest path from e to exp(η) near
t −→ exp(tξ) is the geodesic t −→ exp(tη). Hence, we may assume
x = (exp(η/n), exp(2η/n), . . . , exp(η), m).
We now compute fn(x) using the normal form theorem. Let K =
Stab(ζ), and let H = Stab(m). By Proposition 6.1, a neighbourhood
of m in M is given by a neighbourhood of (e, 0, 0) in Y = G×K ((h⊥ ∩
k)× V ); under this identification the moment map Φ is identified with
the map Φ: Y −→ G given by
Φ([g, γ, v]) = Adg(ζ exp(γ + φ(v))),
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where φ : V −→ h∗ ≃ h is the moment map for the linear H action on
the symplectic vector space V .
In terms of these coordinates, fn(x) is given by the the square of the
length of the geodesic exp(tη) from e to exp(η) = ζ exp((γ+φ(v)), that
is, by |η|2. But η ∈ Lie(C(ξ)), so that ζ−1 exp(η) = exp(η − ξ). Thus
fn(x) = |η|2 = |ξ+γ+φ(v)|2. Since the image of ((h⊥∩ k)×V ξ) under
γ+φ(v) is a hyperplane in g through the origin and perpendicular to ξ,
the distance from that hyperplane to −ξ is minimized at the origin. It
follows that the function fn(x) attains its minimum where γ+φ(v) = 0,
that is, where Φ(m) = ζ . 
Lemma 8.10. Let C be any connected component of the critical set.
For every point x ∈ C, the null-space of the Hessian Hfn is contained
in the tangent space to ΣC.
Proof. Let y = (g1, . . . , gn, m) ∈ Yn be a critical point of fn. Then
there exists ξ ∈ g such that gi = exp(iξ/n) and m ∈ M ξ. Denote by
λ the geodesic t −→ exp(tξ). Let η = (X1, . . . , Xn, Y ) be in the null
space of the Hessian Hfn. We need to show that η is in the tangent
bundle to ΣC .
Let W be the unique Jacobi field on λ which is smooth except
(possibly) at gi, and such that W (0) = 0 and W (iξ/n) = Xi for all
1 < i ≤ n. Let η′ = (∆1DWDt , . . . ,∆n−1DWDt , 0, 0). Then Hfn(η, η′) =∑
i<n |∆i DWDt |2. Hence, W must be smooth.
Let α = DW/Dt(0) ∈ g. The exact sequence 0 −→ ker ([ξ, ·]) −→
g −→ [ξ, g] −→ 0 shows that g = ker ([ξ, ·]) ⊕ [ξ, g]. Hence α can be
written as a sum α = β + [γ, ξ], where [β, ξ] = 0.
Let Wγ be the unique unbroken Jacobi field so that Wγ(0) = 0 and
DWγ
Dt
(0) = [γ, ξ]. Then Wγ is the Jacobi field on the geodesic path
t −→ exp(tξ) induced by conjugation by exp(sγ). Let γˆ ∈ TmM be
the value at m of the vector field γM on M induced by γ. Then, by
Lemma 5.5,
〈DWγ/Dt(1),Φ∗(Y ′)〉+HξΦ(γˆ, Y ′) = 0
for all Y ′ ∈ TmM . Let ηγ = (Wγ(1/n), · · · ,Wγ(1), γˆ). Then ηγ is in
the null-space of the Hessian. Therefore, η−ηγ is also in the null-space
of the Hessian. Moreover, since ηγ is the value at y of the vector field
on Gm ×M induced by γ, ηγ is in the tangent space of ΣC . Thus, to
show that η is an element of TyΣC , it suffices to show that η − ηγ is in
the tangent space of ΣC . Equivalently, we can assume that η is such
that [DW/Dt(0), ξ] = 0.
But by Lemma 8.8, if DW/Dt(0) commutes with ξ, so does W (1),
and moreover, cDW/Dt(1) = W (1) for some non-zero real number c.
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By assumption, Φ∗(Y ) = W (1). So by Lemma 7.2 there also exists
Y ′ ∈ TmM ξ so that Φ∗(Y ′) = W (1). But then HξΦ(Y, Y ′) = 0 because
by Proposition 7.3 Y ′ is in the null-space of HξΦ. Therefore, letting
η′ = (X1, · · · , Xn, Y ′), we have
Hfn(η, η
′) = 〈DW/Dt(1),Φ∗(Y ′)〉 = 〈DW/Dt(1),W (1)〉 = c|DW/Dt(1)|2.
But our assumption is that η is in the null space of the Hessian Hfn.
So we have DW/Dt(1) = 0 and η = (0, · · · , 0, Y ) where Y ∈ ker (Φ∗)y.
This means that for any η′ = (X ′1, · · · , X ′n, Y ′),Hfn(η, η′) = HξΦ(Y, Y ′) =
0. Thus Y is in the nullspace of the Hessian HξΦy. By Proposition
7.4, Y ∈ Tm(M ξ), so that η ∈ TyΣC , as needed.

Proof of Propositions 8.1 and 8.2. The set of critical points of fn has
a finite number of components by Corollary 8.4. By Lemma 8.7, ΣC is
a locally closed submanifold of Yn. Moreover, there exists ξ ∈ g and a
connected component B of Cξ so that the natural map G×Stab(ξ)B −→
C is an equivariant homeomorphism. Let T be the closure of the one-
parameter subgroup exp(ξt) generated by ξ. By Lemma 8.7, (N(ΣC))
T
is a subset of the zero section of the bundle N(ΣC). The T -action also
endows N(ΣC)|B with an orientation; this orientation extends to all
of N(ΣC). Finally the submanifold ΣC satisfies conditions 2(a) and
2(b) of Definition 9.1 by Lemma 8.9 and Lemma 8.10. This proves
Proposition 8.1. Since E−C is a subbundle of N(ΣC)|C , Lemma 8.7 also
proves Proposition 8.2. 
9. Kirwan’s extension of Morse theory
In this section we give a brief description of Kirwan’s extension of
Morse theory as given in [Kir].
Definition 9.1. A smooth function f : X −→ R is Morse in the
sense of Kirwan if
(1) The set of critical points of f has a finite number of components.
(2) For each component C of the critical set there exists a locally
closed submanifold ΣC with an orientable normal bundle in X
such that:
(a) C is is the subset of ΣC on which f takes its minimum
value.
(b) At every point x ∈ C, every element η ∈ TxM that lies
in the null space of the Hessian lies in the tangent space
TxΣC .
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Given a component C of the critical set, we call ΣC a mini-
mizing manifold for f along C.
Definition 9.2. Let f be Morse in the sense of Kirwan. Given any
critical set C of f , and any point p ∈ C, the Hessian Hfp splits the
normal bundle to ν(ΣC) into positive, negative, and null eigenspaces.
We denote by E−C , the negative normal bundle at C, the vector
bundle on C given by the negative eigenspaces of Hf , and define the
index λC of C as the dimension of E
−
C .
This definition of a Morse function in the sense of Kirwan is not iden-
tical to the definition given in [Kir]. According to Kirwan, a function
f : X −→ R is minimally degenerate if
(1) The set of critical points of f is a finite union of disjoint closed
subsets C of X on each of which f takes a constant value.
(2) For each component C of the critical set there exists a locally
closed submanifold ΥC with an orientable normal bundle in X
such that:
(a) C is the subset of ΥC on which f takes its minimum value.
(b) At every point x ∈ C, the tangent space TxΥC is maximal
among those subspaces of TxX where the Hessian Hfx is
positive semidefinite.
However, we have the following Lemma:
Lemma 9.3. If a smooth function f : X −→ R is Morse in the sense
of Kirwan, it is minimally degenerate.
Proof. Suppose f is Morse in the sense of Kirwan. Let C be a critical
set of f and let ΣC be the corresponding minimizing manifold. Let UC
be a tubular neighbourhood of ΣC and identify UC with NΣC . Let ΥC
be the positive normal bundle to ΣC , considered as a submanifold of
UC . It is clear that for each x ∈ C, TxΥC is maximal among subspaces
where Hfx is positive semidefinite. 
This lemma allows us to apply the results of Chapter 10 of [Kir],
which constructs a version of Morse theory for minimally degenerate
functions. We may summarize the results of this construction in the
following
Proposition 9.4. Let f be a minimally degenerate function on a smooth
manifold X, and let c be a critical value of f , corresponding to a critical
set C. For ǫ sufficiently small, define
M± = f
−1(−∞, c± ǫ).
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Denote by D− the negative disc bundle to ΣC, restricted to C, and
by S− the corresponding sphere bundle. Then there exists a long exact
sequence
(9.5)
· · · // H∗(D−, S−) //
≃

H∗(M+) //

H∗(M−) // · · ·
H∗−dimD
−
(C)
∪e(D−)
// H∗(C)
where e(D−) is the Euler class of the bundle D−. If a compact group
G acts on X, and the function f is invariant, the same result holds in
equivariant cohomology.
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